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We study onformal gravity as an alternative theory of gravitation. For onformal gravity to be
phenomenologially viable requires that the onformal symmetry is not manifest at the energy sales
of the other known physial fores. Hene we are required to nd a mehanism for the spontaneous
breaking of onformal invariane. In this paper we study the possibility that onformal invariane
is spontaneously broken due to interations with onformally oupled matter elds. The vauum
of the theory admits onformally non-invariant solutions orresponding to maximally symmetri
spae-times and variants thereof. These are either de Sitter spae-time or anti-de Sitter spae-
time in the full four spae-time dimensions and we nd new solutions orresponding to maximal
symmetry restrited to a lower dimensional sub-spae. We also onsider normalizable, linearized
gravitational perturbations around the anti-de Sitter bakground. We show to seond order, that
these gravitational utuations arry zero energy-momentum. Finally we also show the possibility
of domain wall solitons interpolating between the ground states of spontaneously broken onformal
symmetry that we have found. These solitons neessarily require the vanishing of the salar eld.
This oers a way of eshewing the reent suggestion and its onsequenes [2℄ that the onformal
symmetry ould be quarantined to a sterile setor of the theory by hoosing an appropriate eld
redenition.
PACS numbers: 04.20.-q, 04.20.Cv, 04.50.-h
I. INTRODUCTION
Einsteinian general relativity is the widely aepted lassial theory of gravity. Enjoying great suess at the solar
system sale, it has also been able to explain many stellar, galati and osmologial phenomena [3℄. However, the
problem of at rotational urves of spiral galaxies and the supplementary deexion of light by galaxies and lusters
rule out the validity of the standard gravitational law unless dark matter exists [4℄. The introdution of dark energy
has been neessary to explain the observed aeleration of the universe [5℄. In addition, the Einstein theory does
not seem to be onsistent as quantum theory of gravity [6℄. For all these reasons, Einsteinian general relativity quite
possibly may not be the orret theory of gravity. Indeed at the present epoh, the study of alternative theories of
gravity has reahed an apogee of dierent possibilities, viz, Born-Infeld gravity, Brans-Dike gravity, Lovelok gravity,
MOND, f(R) gravity and onformal gravity [7, 8, 9, 10, 11, 12℄.
Conformal gravity is a generally ovariant theory of gravitational interations, whih benets from an additional
innite dimensional invariane, invariane under loal onformal transformations. Perturbative alulations indiate
that it is asymptotially free and power ounting renormalizable [13℄. It is also ould dene a unitary, ghost free
quantum eld theory due to non-perturbative reorganization of the asymptoti physial states [14, 15℄. Conformal
gravity has been suggested as an alternative to the standard theory. It was originally realized by Weyl in the early
age of general relativity. To introdue a gauge symmetry for gravity, Weyl proposed that the gravitational ation
has to be made up of fourth order derivative terms to make it invariant under loal onformal transformations of the
metri [16℄.
But onformal gravity overomes other hallenges as well. Mannheim and Kazanas showed that the Weyl theory is
apable of explaining the observed at rotation urves at galati and extragalati sales without the need of dark
matter [12℄. Moreover, it was proposed a onformal osmologial model solving the atness and horizon problems
without prediting an inationary universe [17℄. A diulty does arise when the deetion of light is studied. It was
notied that the deetion of light is atually diminished, in onit with observations, by the linear potential that
was found and used in the analysis by Mannheim and Kazanas [12℄ and whih is so ruial to explain the the at
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2galati rotation urves [18℄. A possible solution was oered by [19℄, where it was observed that although the solution
for the at galati rotation urves is ruially dependent on the the hoie of onformal gauge, the deetion of light,
a massless partile, is not. Conformal transformations leave the null geodesis invariant. Hene one an hoose the
linear potential so that the deetion of light is augmented and then hoose the onformal gauge so that the galati
rotation urves are explained. For details see [19℄.
However, this leads us to the most serious defet of the onformally invariant theory. The physial existene of
massive partiles implies non invariane under onformal transformations. There is an evident lak of onformal
invariane in the observed physial phenomena, the tangible world has a denite sale. Thus for onformal gravity
to be a realisti alternative theory of gravitation there must be a mehanism by whih the onformal invariane is
either broken, at least at the sales of physis that we have been able to heretofore probe, or somehow transferred to a
hidden setor, so that it is not manifest. The latter possibility has been implemented in Ref. [2℄ where it is explained
that it is indeed possible for a theory to have an invariane under onformal transformations without ontraditing
the fat that onformal invariane is not seen experimentally.
In this paper, however, we study the alternative of spontaneous breaking of onformal invariane in the onfor-
mally invariant theory of gravitation oupled to salar matter. We fous on anti-de Sitter spae-time, whih is a
vauum solution of onformal gravity that breaks onformal invariane and an oer an explanation for repulsive
gravitation.[20℄. We study the spetrum of its small gravitational utuations. Using the onformal invariane, we
map the problem to the simpler one orresponding to the study of utuations about at Minkowski spae-time. We
nd that the utuations whih are fourier deomposable, arry zero energy and momentum. It has been shown for
the full non-linear theory, [1℄, that asymptotially at spae-times in onformally invariant gravity have exatly zero
energy and momentum. Our result ts well with this theorem.
It has also been reently pointed out that in the onformal gravity theory with a onformally oupled salar eld , it
is possible to make a hange of variables to relegate the onformal symmetry to a sterile, disjoint setor of the theory,
that does not interat with the rest of the elds whih do not exhibit any onformal symmetry [2℄. However, a ruial
assumption required that the salar eld never vanishes. Here we study domain wall type solitons in our onformally
invariant theories with spontaneous breaking of onformal invariane. We nd the possibility of domain wall solitons
whih interpolate between dierent vaua of the spontaneously broken theory. These solitons neessarily pass through
zeros of the salar eld, essentially dening the loation of the domain wall. These solitons are omplimentary to the
magneti monopole type solitons that we previously found [21℄, whih also require the vanishing of the salar eld at
the loation of the monopole. The existene of suh ongurations and their import to the full quantum theory then
denies the onlusions of the analysis made in [2℄.
However it is possible that the initial value problem for the theory is well posed only on a subset of eld ongura-
tions. There is some reason to suspet that the initial value problem is ill posed exatly on the set of elds where the
salar eld vanishes [22℄. Consequently, the theory should be onsidered as provisional until this question has been
resolved.
II. CONFORMAL GRAVITY
It has been suggested that gravity an be desribed by a fourth order derivative theory based on both ovariane
priniple and onformal symmetry [12℄. This theory is alled onformal gravity whose ation has the form
IW = −α
∫
d4x
√−g CµνστCµνστ (1)
= −α
∫
d4x
√−g
(
RµνστR
µνστ − 2RµνRµν + 1
3
R2
)
(2)
= −2α
∫
d4x
√−g
(
RµνR
µν − 1
3
R2
)
, (3)
where Cµνστ is the Weyl tensor, given by
Cµνστ = Rµνστ − 1
2
(gµσRντ − gµτRνσ − gνσRµτ + gντRµσ) + R
6
(gµσgντ − gµτgνσ) , (4)
Rµνστ is the Riemann tensor, Rµν is the Rii tensor, R is the urvature salar and α is a dimensionless parameter.
Equation (2) follows diretly from the denition of the Weyl tensor, while equation (3) follows from equation (2) and
the expression for the Euler harateristi,
χ =
√−g
(
RµνστR
µνστ − 4RµνRµν +R2
)
3a total derivative, whih is then used to eliminate the terms involving the Riemann tensor [20℄.
The sign of α an be xed by insisting that the Eulidean ation for small utuations be positive. This ondition is
absolutely neessary if the Feynman funtional integral is to have any hane of dening the orresponding quantum
theory. The Minkowski Feynman funtional integral is given by
Z =
∫
DφeiIMink.
an integral over the spae of eld ongurations weighted by the exponential of i times the Minkowski ation is not
very well dened. The Eulidean path integral
Z =
∫
Dφe−IEucl.
is muh better dened, however it is ruial that IEucl. be non-negative. The Minkowski funtional integral and the
orresponding quantum amplitudes are atually obtained by anaytially ontinuing bak from Eulidean spae. In
usual eld theory, that is seond order in time derivatives, the Minkowski ation is of the form
IMink. = σ
∫
d4x (T − V ) ∼ σ
∫
dtd3x (
1
2
(φ˙)2 − V ).
The ontinuation to Eulidean spae requires the replaement t→ −iτ , whih gives
iIMink. → −IEucl. = i(−i)(−)σ
∫
dτd3x (
1
2
(
∂φ
dτ
)2 + V ).
Evidently the term of highest temporal derivatives (two) hanges sign under the analyti ontinuation, and hene
ombines with the potential term, giving an overall minus sign and a non-negative Eulidean ation. Thus the
oeient σ must be positive and normally we take σ = 1.
For a theory with higher temporal derivatives (four), suh as the theory of onformal gravity that we are studying
here, the Minkowski ation has the form
IMink. = −α
∫
d4x (T + V ) ∼ −α
∫
dtd3x (
1
2
(φ¨)2 + V ) (5)
where we have swithed the sign of the potential taking out an overall minus sign, as we are antiipating that α is
positive with the hoie of the kineti term as written. This form is ertainly true for the dynamis of the perturbative
utuations and is amenable to ontinuation to Eulidean spae, however, we must note that the analyti ontinuation
of a general urved Lorentzian manifold to Eulidean spae is not neessarily straightforward. Now ontinuation of
(5) to Eulidean spae yields
iIMink. → −IEucl. = i(−i)(−)α
∫
dτd3x (
1
2
(
∂2φ
dτ2
)2 + V ),
thus requiring α to be positive.
The ation (1) is invariant under loal onformal transformation of the metri
gµν(x)→ Ω2(x)gµν(x), (6)
where Ω(x) is a real, ontinuous and non-vanishing funtion. The variation of equation (2) or equivalently equation
(3) gives the matter free gravitational eld equations Wµν = 0, where
gµγgνβ
δI
δgγβ
= −2α√−gWµν (7)
and
Wµν = −1
6
gµνR
;σ
;σ +
2
3
R;µ;ν +R
;σ
µν ;σ −R σµ ;ν;σ −R σν ;µ;σ
−2RµσR σν +
1
2
gµνRστR
στ +
2
3
RRµν − 1
6
gµνR
2. (8)
4Wµν , alled the Bah tensor, is automatially ovariantly onserved (for any hoie of the metri), whih orresponds
to the Bianhi identities,
W νµ ;ν = 0
due to the invariane of the ation under general oordinate transformations. It is also automatially trae free (for
any hoie of the metri)
Wµµ = 0
due to the invariane of the ation under loal onformal transformations. The solutions of the equations of motion
Wµν = 0 orrespond to the vauum ongurations of onformal gravity [12℄.
Introduing a salar eld ϕ(x) in this theory and maintaining the onformal invariane, requires the well-known
ation
IM =
∫
d4x
√−g
[1
2
∂µϕ∂
µϕ+
1
12
Rϕ2 − λϕ4
]
, (9)
where R is the salar urvature and λ is a dimensionless oupling onstant. Notie that there is no mass term. Under
the onformal transformation of the metri (6) and the orresponding transformation of the salar eld
ϕ(x)→ Ω−1(x)ϕ(x) (10)
the salar ation is invariant. The lak of onformal invariane of the kineti term is exatly anelled by that of the
Rϕ2 term.
The variation of the ation (9) with respet to the metri denes the energy-momentum tensor of the salar eld
Tµν =
2
3
∂µϕ∂νϕ− 1
6
gµν∂σϕ∂
σϕ− 1
3
ϕDν∂µϕ
+
1
3
gµνϕDσ∂
σϕ+
1
6
ϕ2(Rµν − 1
2
gµνR) + gµνλϕ
4, (11)
Noting the normalization of Wµν in equation (8) the full gravitational motion equations are simply
2αWµν =
1
2
Tµν . (12)
The two tensors in Equation(12) are symmetri, traeless and independently, ovariantly onserved. Under onformal
transformations (6) and (10), they transform as Wµν → Ω−4Wµν and Tµν → Ω−4Tµν . The salar eld equation of
motion is obtained by varying with respet to ϕ, yielding
1√−g∂µ
√−g∂µϕ− 1
6
Rϕ+ 4λϕ3 = 0 (13)
III. SPONTANEOUS BREAKING OF CONFORMAL SYMMETRY
Vauum solutions of the eld equations satisfy
Wµν = 0.
Evidently, Minkowski spae-time, gµν = ηµν , is a solution. Then, using the onformal invariane, every metri that
is onformally related to Minkowski spae-time, gµν = Ω
2(x)ηµν , is also a solution, where Ω(x) is an arbitrary but
suiently smooth, non-vanishing funtion of the oordinates. Taking into aount the salar eld, a full vauum
solution orresponds to gµν = ηµν , ϕ = 0. Every onformal transform of this solution is also a solution.
These solutions do not break onformal invariane, no mass sale is generated. However there do exist solutions
whih spontaneously break the onformally invariane. We do not establish an exhaustive lassiation of suh
solutions here, but suh an exerise would be very interesting.
5A. Maximally symmetri vauum solutions with broken onformal invariane
Maximally symmetri spae-times have been lassied for four dimensional Lorentzian metri spae-times [3℄. We
an use these geometries to establish a lass of vauum solutions that spontaneously break the onformal invariane.
These solutions have been rst found by Mannheim[20℄. Maximally symmetri four dimensional spae-times are simply
given by either de Sitter spae-time, anti-de Sitter spae time or Minkowski spae-time. They are haraterized by
an arbitrary, onstant, urvature salar R, a Rii tensor given by Rµν =
R
4 gµν and a Riemann tensor given by
Rµνστ =
R
12 (gµσgντ − gµτgνσ). The Bah tensor vanishes for any value of the (onstant) urvature salar, sine all
of these geometries are onformally related to Minkowski spae. Hene the matter free gravitational eld equations
Wµν = 0 are satised, and this is why we all these solutions vauum solutions. The salar eld equation (13) and
the gravitational eld equations (12), taking into aount Wµν = 0 and the assumption that ϕ is onstant, give
− 1
6
Rϕ+ 4λϕ3 = 0 (14)
Tµν =
1
6
ϕ2(Rµν − 1
2
gµνR) + gµνλϕ
4 = 0. (15)
Upon replaement Rµν =
R
4 gµν , equation (15) somewhat serendipitously beomes idential to equation (14) exept
for being multiplied by the fator gµνϕ, allowing for the simultaneous solutions of both equations by, ϕ = 0 or
ϕ = ±
√
R
24λ . The solution ϕ = 0 has already been disussed and does not break onformal invariane however the
seond solution exists for positive onstant urvature spae-times and spontaneously breaks the onformal invariane
by generating a mass sale. Suh spae-times orrespond to anti-de Sitter spae-time in our onvention. The solutions
for dierent values of the salar urvature, whih serves as a modulus parameter, are related to eah other by onformal
transformations. Analysis of the small utuations about these solutions will be done in the later setions.
The alulation of the possibility of quantum tunneling between the dierent vaua is well beyond the sope of this
paper, however it is an extremely interesting subjet. The non onformally invariant vaua, ϕ 6= 0, atually orrespond
to a negatively innite total ation sine the minimum of the eetive salar eld potential, at onstant values of the
urvature, ours at a non-zero value of the potential. On the other hand, the simple ϕ = 0 vauum orresponds to
zero total ation whih lend redene to the onlusion that the symmetry breaking solutions are the stable ground
states. The gravitational part of the ation for a maximally symmetri spae-time does vanish, indeed the expressions
given by equations (1) and (2) do vanish, thus these annot ompensate for the innite ation in the salar eld part.
We note, however that the ation given in equation (3) does not vanish, and is in fat innite. The explanation for this
is given by the fat that although the Euler harateristi is a total divergene, its value for a maximally symmetri
spae-time is innite, hene the value of the ation given by (3) must also be innite to ompensate. This fat an
render analyses, suh as those used in Derrik's theorem, where the stability or instability of eld ongurations is
determined by expliitly looking at the behaviour of the ation under hanges of sale, problemati. We repeat here
in order to underline, that the eld equations obtained by the variation of any of the expressions for the ation, are
of ourse idential, beause the variation that is onsidered is loal.
B. Non-maximally symmetri solutions with broken onformal invariane
There exist other, essentially vauum solutions to the eld equations (12) and (13) whih do not require that the
Bah tensor vanishes. The solutions are essentially vauum solutions sine the urvature salar is a onstant as is the
salar eld, but the spae-time is not maximally symmetri. Consider the ansatz
dτ2 = (1 +B(x))dt2 − 1
(1 +B(x))
dx2 − dy2 − dz2. (16)
The oordinates (x, y, z, t) eah vary from −∞ to ∞. The metri desribes a spae-time with the topology M2 ×R2
a two dimensional Lorentz manifold ross the at two dimensional Eulidean spae. The urvature salar is given by
R(x) = B′′(x). B(x) = R2 x
2
yields a onstant urvature spae-time for R a onstant, the urvature salar is evidently
given by R. The two dimensional Lorentz manifold is exatly two dimensional de Sitter or anti-de Sitter spae-time.
This ansatz for the metri together with the ansatz that the salar eld is a onstant yields a solution of the eld
equations. This solution is fundamentally dierent from the solution of the setion (III A). Here the Bah tensor
does not vanish, and hene a solution exists only for a ritially oupled system in terms of the parameters α and λ
and for a spei value of the salar eld. The solutions for dierent values of the salar urvature are not related
to eah other by onformal transformations, nevertheless, the value of the salar urvature still serves as a modulus
parameter.
6Nominally, eleven eld equations (one symmetri two tensor and the salar eld equation) for two funtions B(x)
and ϕ(x) seems hopeless, however the symmetries and the onstraints satised by the Bah tensor and the energy-
momentum tensor atually redues to exatly two equations. Suh an analysis was rst arried out in [25℄ when
solutions of the Kerr-Reissner-Nordstrom were found. With the ansatz (16) and ϕ onstant, the gravitational eld
equations redue to the four diagonal equations together with the salar eld equation
2αW00 =
1
2
T00 (17)
2αW11 =
1
2
T11 (18)
2αW22 =
1
2
T22 (19)
2αW33 =
1
2
T33 (20)
−1
6
Rϕ+ 4λϕ3 = 0. (21)
The translational symmetry in spatial diretions y and z yields that W22 = W33 and T22 = T33. Using this in the
equations for the independent traefree nature of the Bah tensor and the energy momentum tensor gives us the
onstraints
g00W00 + g
11W11 − 2W22 = 0
and
g00T00 + g
11T11 − 2T22 = 0.
The rst equation is diretly valid, while the seond redues to the salar eld equation (21). Hene equations (19)
and (20) are automati if the remaining equations (17) (18) and (21) are satised. The ovariant onservation of both
tensors yields
W 0α ;0 +W
1
α ;1 = 0
and
T 0α ;0 + T
1
α ;1 = 0,
for α = 0, 1. We have used the fat that the spae-time is at in the (y, z) diretions hene the expliit derivatives
and the onnetion oeients simply vanish for these diretions. Calulating the (0, 1) diretion onnetions gives
Γ0αβ =
g′00
2g00
(
0 1
1 0
)
, Γ1αβ =
(
g00g
′
00/2 0
0 −g′00/2g00
)
(22)
where α, β take on the values 0 and 1. It is then easy to see that W00 depends linearly on W11 and T00 on T11. Thus
the equation (17) is automati if the remaining two equations (18)and (21) are satised. Thus the system redues to
the two equations
2αW11 =
1
2
T11 (23)
−1
6
Rϕ+ 4λϕ3 = 0, (24)
whih are to be solved for two independent onstants R and ϕ. Expliitly the equations are given by
α(B′′)2/3 = λϕ4 (25)
−1
6
(B′′)ϕ+ 4λϕ3 = 0. (26)
where we have multiplied through by a fator of 1 +B in equation (25). A non-zero onstant solution for ϕ requires
B(x) = Rx2/2 (where R is the (onstant) urvature salar) whih yields the ondition on the ouplings
α = 1/192λ.
7On rst sight this ondition does not x the value of the onstant salar urvature R, it ould be positive or negative,
orresponding to two dimensional anti-de Sitter or de Sitter spae-time respetively. Only at Minkowski spae-time
is apriori exluded, sine we have assumed R 6= 0. However, de Sitter spae-time is atually exluded by equation
(26) whih yields
ϕ2 =
B′′
24λ
hene R = B′′ must be positive and hoosing anti-de Sitter spae-time. This is exatly the same value as the solution
for the salar eld in subsetion(III A) sine the salar eld equation and its solution, for onstant salar eld and
onstant salar urvature, is unique. Our solution is new and involves in a non-trivial way the fourth order Weyl
ation, in ontradistintion to the vauum solutions orresponding to maximally symmetri anti-de Sitter spae-time
that we found in subsetion (III A).
IV. FLUCTUATIONS ABOUT THE VACUUM SOLUTIONS
In this setion we study the behaviour of gravitational utuations about the anti-de Sitter vauum solution that we
have analyzed in Setion (III A). We do not provide a detailed analysis of the general problem of perturbation theory, it
has been studied extensively in the past, see [14℄ and referenes therein. Indeed it is ommonly felt that the linearized
perturbation theory gives rise to run-away solutions, whih orrespond to ghost-like states and ruin the unitarity of
the orresponding quantum eld theory, see for example [26℄. This has to be examined in the ontext of the following
artiles, where it has been shown that a theory fourth order in derivatives an dene a power ounting renormalizable
theory [13℄, is asymptotially free [27℄, is unitary in the large N limit [29℄, is unitary in a Hamiltonian quantization
where no ghosts are seen to leading order in strong oupling [30℄, satises the zero total energy theorem [1℄, and in
a Eulidean lattie formulation has a positive norm Hilbert spae and positive Hamiltonian whih satises reetion
positivity and hene allows for onstrution of a unitary theory from the Osterwalder Shrader [31℄ reonstrution
theorem [28℄. In a very reent development, Bender and Mannheim [32℄ in a reent preprint have shown that a simple
fourth order theory, the Pais-Uhlenbek osillator is perfetly free of ghosts if it is properly quantized with regards
to its PT symmetry. All of these indiators suggest that the unitarity of the full theory is not impinged upon by the
unitarity, or lak therof, of the linearized perturbation theory. The atual asymptoti states, whih are the relevant
states with respet to the unitarity of the S-matrix an have little or nothing to do with the states of the linear
theory. For example, in QCD, the linear theory sees quarks and gluons, however, the asymptoti states are expliitly
olour-free bound-state ombinations of these, the baryons and the mesons. In [30℄ it is found that any ghost states of
the linear perturbation theory are onned due to the onstraints of the theory while the graviton emerges a string-like
solution to the Dira onstraints of the onformal invariane of the theory, at strong oupling.
In the analysis below, we do not oer any onlusive evidene as to the unitarity of the quantum theory of onformal
gravity. We study normalizable gravitational utuations, whih do orrespond to gravitational waves with respet to
anti-de Sitter bakground vauum solution of onformal gravity. We nd the interesting result that these utuations
arry no energy or momentum, to seond order perturbation theory.
A. Gravitational waves in anti-de Sitter spae-time
We study the linearized gravitational perturbation around the anti-de Sitter bakground in onformal gravity. The
metri takes the form
g˜µν = γµν + h˜µν = Ω
2(ηµν + hµν) = Ω
2gµν , (27)
where γµν and ηµν are respetively anti-de Sitter and Minkowski metris, h˜µν and hµν are small perturbations
respetively around γµν and ηµν and Ω(x) is the onformal fator relating the two metris. We note that the indies
of hµν , h˜µν and all zero order tensors are raised and lowered with γµν metri, however for the remainder of tensors
we use the full metri gµν (or g˜µν).
To study perturbation around anti-de Sitter metri, it is more pratial to transform the work on the at spae-time
sine gµν and g˜µν are onform one to another. So for Tµν = 0 (in absene of soures), equation (12) gives
W˜µν = Ω
−4Wµν = 0, (28)
8where W˜µν and Wµν are Bah tensors respetively of anti-de Sitter and Minkowski metris. To rst order in h˜µν and
hµν , we have
W˜ (1)µν = Ω
−4W (1)µν = 0, (29)
where
W (1)µν = −
1
6
ηµν∂ρ∂
ρ(ηλρR
(1)
λρ ) +
2
3
∂µ∂ν(η
λρR
(1)
λρ )
+∂ρ∂
ρR(1)µν − ∂β∂µ(ηαβR(1)να )− ∂β∂ν(ηαβR(1)µα) = 0. (30)
Sine
R(1)µν =
1
2
(
∂β∂µh
β
ν + ∂β∂νh
β
µ − ∂µ∂νhββ − ∂ρ∂ρhµν
)
, (31)
So, hµν is a solution of the equation
− 1
2
(∂ρ∂
ρ)2hµν +
1
6
ηµν(∂ρ∂
ρ)2hββ −
1
6
ηµν∂ρ∂
ρ(ηλρ∂α∂λh
α
ρ )−
1
6
ηνβ∂µ∂β∂ρ∂
ρhαα
−1
3
ηνβηλρ∂µ∂β∂α∂λh
α
ρ +
1
2
ηνρ∂ρ∂β∂ρ∂
ρhβµ +
1
2
ηβλ∂λ∂µ∂ρ∂
ρhνβ = 0. (32)
This purely fourth order derivative equation annot be simplied without xing gauge onditions. To x the invariane
of the theory under oordinate transformation we hoose the harmoni gauge gµνΓλµν = 0 (where Γ
λ
µν is the Christoel
oeient relied to gµν ) that an be written at rst order
∂µh
µ
ν =
1
2
∂νh
µ
µ. (33)
Furthermore, sine onformal gravity has an additional onformal symmetry, hµν an be further restrited by a seond
gauge hoie. If we perform an innitesimal onformal transformation whih the fator Ω(x) has the form (1 + ǫ(x))
where ǫ(x) is a funtion having the same order of magnitude as hµν , then the metri gµν transforms as
gµν → g′µν = (1 + ǫ)(ηµν + hµν) = ηµν + hµν + ǫηµν +O(h2) ≃ ηµν + h′µν , (34)
where h′µν = hµν + ǫηµν . If we take the trae of this equation, we nd h
′µ
µ = h
µ
µ + 4ǫ. Then, we an hoose ǫ = − 14hµµ
to yield h
′µ
µ = 0.
If we hoose to plae in the spae-time desribed by the metri g′µν ≃ ηµν + h′µν , we use the gauge onditions (we
an omit the ')
∂µh
µ
ν = 0 (35)
and
hµµ = 0. (36)
With these onditions, the gravitational perturbation hµν obeys the equation
(∂ρ∂
ρ)2hµν = 0. (37)
The general solution of this equation an be written as a linear superposition of plane waves. For simpliity, we
onsider one mode
hµν = eµνe
ikx + e∗µνe
−ikx
(38)
with a wave vetor kµ (µ=0,1,2,3) obeying the dispersion relation derived from equation (37)
kµk
µ = 0. (39)
The wave polarization eµν is a symmetri tensor whose elements are tied with gauge onditions
kµe
µ
ν = 0 (40)
and
eµµ = 0. (41)
We see that the familiar gravitational waves are also found in the fourth order theory by using the ovariane and the
onformal properties. The graviton propagator behaves as 1/k4.
9B. Energy-momentum of gravitational waves
The gravitational waves found in the last setion were determined at rst order. However, the terms at higher order
in the tensor Wµν an play the role of the energy-momentum tensor of gravitational waves (Tµν is still zero). We have
Wµν = W
(0)
µν +W
(1)
µν +W
(2)
µν + ... = 0, (42)
with W
(0)
µν = 0 (at metri). Then
W (1)µν = −W (2)µν −W (3)µν − ... = −(Wµν −W (1)µν ) =
1
4α
tµν , (43)
where tµν = −4α(Wµν −W (1)µν ) is the energy-momentum tensor arrying by the gravitational waves desribed by hµν .
The rst term in tµν is seond order in hµν , so
t(2)µν = −4α
[
− 1
6
ηµν∂σ∂
σ(ηλρR
(2)
λρ ) +
2
3
∂µ∂ν(η
λρR
(2)
λρ )
+∂σ∂
σR(2)µν − ηβα∂µ∂αR(2)βν − ηβα∂ν∂αR(2)βµ
]
. (44)
At seond order in perturbation, the Rii tensor takes the form
R(2)µν =
1
2
hλα(∂µ∂νhλα − ∂ν∂λhµα − ∂µ∂αhλν + ∂α∂λhµν)
+
1
4
(∂λhσν + ∂νhσλ − ∂σhλν)(∂λhσµ + ∂µhσλ − ∂σhλµ)
−1
4
(2∂αh
α
σ − ∂σh)(∂νhσµ + ∂µhσν − ∂σhµν). (45)
Using gauge onditions (35) and (36), R
(2)
µν beomes
R(2)µν = −
3
4
kµkνe
λρeλρe
2ikx − 3
4
kµkνe
λρe∗λρ + h.c. (46)
Inserting it in (42) we nd that
t(2)µν = 0, (47)
the energy-momentum tensor of gravitational waves vanishes at the lowest order.
V. DOMAIN WALL SOLITONS
It has been observed that the theory of onformal gravity with a onformally oupled salar eld an be transformed
by an appropriate eld redenition to an Einstein theory of gravity with oupled matter elds and a deoupled
onformal setor whih does not interat with the observable elds [2℄. This analysis ritially depends on the non-
vanishing of the salar eld. Suh a situation might be loally valid, however, globally it is ertainly not neessary.
We are reminded of an analogous situation onerning gauge xing. Consider the Georgi-Glashow model, whih is a
theory with a triplet salar eld and non-abelian loal gauge symmetry SO(3) that is spontaneously broken to U(1)
[23℄. In unitary gauge, one takes the the salar eld to point in the third diretion, and then looking at the seond
order Lagrangian we an read o the spetrum, a theory of a massless U(1) gauge boson, two massive vetor gauge
bosons and one massive neutral salar, indeed the model was rst invented in the early 70's as an alternative to the
Weinberg-Salam model sine the evidene for the massive Z vetor boson was not onlusive at that time. This is a
perfetly ne analysis as long as the salar eld does not vanish. However there exist ongurations whih require
zeros of the salar eld. Then the presumed hoie of gauge beomes meaningless. These are the 'tHooft-Polyakov
magneti monopole ongurations. The existene of these onguration an radially aet the physial spetrum of
the theory. In 2+1 dimensions, for example, the magneti monopole play the role of instantons, and in fat ause the
abelian U(1) gauge theory to be onning [24℄. Insisting that the salar eld never vanish an throw out muh more
than expeted. Indeed, soliton type solutions in onformal gravity have already been found, where it is required that
the salar eld vanish [21℄.
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In this same spirit, we look for domain wall ongurations that require the Higgs eld to vanish. In both symmetry
breaking vauum type solutions that we have found that the salar eld satises
ϕ20 =
R
24λ
or equivalently
ϕ0 = ±
√
R
24λ
.
Thus a onguration whih is ϕ0 = −
√
R
24λ in one region of spae and ϕ0 = +
√
R
24λ in another region of spae must
be separated by a domain wall, whih also neessarily requires that the salar eld vanish at some point between
the two regions. The loation of the domain wall is nominally dened as the position of the zero of the salar eld.
The stability of the domain wall onerns two dierent analyses. First the domain wall may be of nite or innite
transversal extent. An innite domain wall an shrink in thikness to be a singular non-observable defet or expand
in thikness to ompletely dilute itself through out spae. A nite domain wall must lose on itself, forming a losed
two surfae embedded in three dimensional spae. Suh a domain wall an have three possible instabilities. It may
shrink or expand in thikness as the innite domain, but even if it is stable against these hanges, it may also ollapse
and shrink to a point. We study losed domain wall ongurations in the maximally symmetri vauum solutions of
subsetion (III A) and innite domain walls ongurations in the solutions of subsetion (III B)
A. Spherial domains in maximally symmetri spae-times
dτ2 = (1 +B(r))dt2 − 1
(1 +B(r))
dr2 − r2dθ2 − r2 sin2(θ)dφ2 (48)
whih inludes anti-de Sitter spae-time if B(r) = kr2. We then try a spherial ansatz for the salar eld, that the
salar eld is in the vauum onguration ϕ = −
√
R
24λ for r ≪ r0 and ϕ = +
√
R
24λ for r ≫ r0. The salar eld will
interpolate between the two vaua at some point near r0. It is evident that suh a onguration, even if it is stable
under saling of its loal thikness, will minimize its ation by shrinking towards a point. What happens when the
nontrivial salar eld ongurations from opposite sides of the spherial domain wall start to feel eah others presene
is not a priori obvious. Here we show, for λ large enough, that the spherial bubble is unstable to shrinking to a point
and to disappear. We do this by onsidering a sale transformation on the eld B(r) and the eld ϕ(r) and observe
its eets on the ation. It is important here to use the ation as given by equations (1) or (2), as we are dealing
with asymptotially maximally symmetri spae-times for whih these two expressions vanish but not the one given
in equations (3). With the metri of equation (48) it is a straightforward, although a little tedious, alulation to nd
the non-zero omponents of the Riemann tensor. We nd the non-zero omponents, written in tangent spae indies
R0101 = −
B′′
2
, R0202 = R
0
303 = −
B′
2r
= R1212 = R
1
313 R
2
323 = −
B
r2
where the orresponding orthonormal basis of one-forms of the (dual) tangent spae are given by σ0 = −√1 +Bdt,
σ1 = 1√
1+B
dr, σ2 = rdθ, and σ3 = r sin(θ)dφ. Then the gravitational ation is given by
IW = −α
∫
d4x r2 sin θ
((
B′′2 +
4B′2
r2
+
4B2
r4
)
−2
(
2
(
B′′
2
+
B′
r
)2
+ 2
(rB)′2
r4
)
+
1
3
4
(
(r2B)′′
r2
)2)
(49)
while the salar eld ation is given by
IM =
∫
d4x r2 sin θ
(
− 1
2
(1 +B(r))∂rϕ∂rϕ+
1
12
(r2B)′′
r2
ϕ2 − λϕ4
)
, (50)
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where we have already speialized to stati, spherially symmetri ongurations. It is easy to show for suiently
large λ or onversely, suiently large α, this ation is made up of a sum of individually negative denite terms.
Ation (49) is by itself re-expressible as suh a sum, and ompleting the square in the ation (50) yields an additional
term of the form (1/λ)((r2B)′′/r2)2 whih is dominated by the orresponding term in the ation (49) for suiently
small λ. In fat a onstant needs to be added to the ation, hosen to ensure that the ation vanishes for the vauum
onguration. Indeed the ation is otherwise an innite onstant for the vauum onguration.
Using a modied saling argument that this ation does not have a stable stationary point exept for the trivial
vauum. Consider the replaement:
ϕ(x)→ ϕ(Λx) (51)
B(x)→ B(Λx)
Λ2
(52)
Under this transformation, ϕ(x) is squeezed into an even smaller region of spae as Λ → ∞, although the onstant
value of ϕ as is attained asymptotially, does not hange in magnitude. Correspondingly, B(x) is also squeezed and
redued in magnitude, however B′′(x) → ∂2B(y)
∂y2
∣∣∣
y=Λx
does not hange in magnitude. Sine the urvature salar is
ontrolled by B′′(x) and dimensionally equivalent objets, the value of the salar elds symmetry breaking minimum
is not altered by suh a resaling. Then under this resaling we nd
IW = −α
∫
d4xr2 sin θL(r)→ −α
∫
d4xr2 sin θL(Λr)
= − α
Λ3
∫
dt dθ dφ d(Λr)(Λr)2 sin θ L(Λr) = IW /Λ3 (53)
and
IM →
∫
d4x r2 sin θ
(
− 1
2
(1 +B(Λr)/Λ2)∂rϕ∂rϕ(Λr)
+
1
12
(r2B(Λr)/Λ2)′′
r2
ϕ2(Λr) − λϕ4(Λr)
)
=
∫
d4x r2 sin θ
(
− 1
2
(1 +B(Λr)/Λ2)Λ2
(
∂yϕ(y)∂yϕ(y)|y=Λr
)
+
1
12
1
Λ2r2
∂2(y2B(y)
∂y2
∣∣∣∣
y=Λr
ϕ2(Λr)− λϕ4(Λr) + const.
)
=
1
Λ3
∫
d4x r2 sin θ
(
− 1
2
(1 +B(r)/Λ2)Λ2 (∂rϕ(r)∂rϕ(r))
+
1
12
1
r2
∂2(r2B(r))
∂r2
ϕ2(r)− λϕ4(r)
)
. (54)
Thus we see that as Λ → ∞, the whole lassial ation vanishes, belying the possibility of a non trivial stationary
point of nite ation. We stress again that it is important that we used the expression (1) or (2) in this anaylsis,
sine (3) is atually not nite for the ongurations that we are onsidering. Although this would mean that the
spherial domain wall will neessarily ollapse and shrink to a point, it does not mean that the bubble will be short
lived. Indeed the dynamis of the ollapse ould take a marosopi amount of time, and the ongurations ould be
most relevant to the physis of the theory.
B. Domain walls in non-maximally symmetri spae-times
In the solutions found in setion (III B) we an insert an innite planar domain wall and ask if the wall is stable
against its width shrinking to zero or expanding to innity. Suh a domain wall would, for a nite ation onguration,
have to lose on itself say into a spherial bubble, and would probably ollapse and shrink to a point. But if the
bubble is of a muh larger radius that the thikness of its wall, then this ollapse time an be quite long, and the
domain wall ongurations an be important for the dynamis of the theory.
We take and ansatz of the form
dτ2 = (1 +B(x))dt2 − 1
(1 +B(x)
dx2 − dy2 − dz2 (55)
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where B(x) is now a funtion that will interpolate between the two vaua, ϕ0 = ±
√
B′′(±∞)
24λ , where B
′′(±∞) is a
onstant, and the ritial oupling ondition α = 1/(192λ) is assumed to be satised. Then the Riemann urvature is
easily alulated with just two non-zero omponents
R1010 = B
′′(x)/2 = −R0101 (56)
and the Rii tensor also has just two non-zero omponents
R00 = B
′′(x)/2 = −R11 (57)
nally giving the salar urvature
R = B′′(x). (58)
Sine the spae is at in the (y, z) diretions, all urvature omponents with indies in these diretions simply vanish.
The previous analysis for the equations of motion yields that the 11 a priori equations redue to just two when the
Bianhi identities (ovariant onservation) and the traefree nature of the tensorsWµν and Tµν are taken into aount.
It is straightforward, but tediious to show this explliitly, we will reprodue the alulation for the trae of Wµν . The
expression for Wµν is given by:
Wαβ =
1
3
gαβ
(
((1 +B)B′′′)′ − (B
′′)2
4
)
+
1
3
(B′′);α;β (59)
with (α, β) taking on the values (0, 1) while
Wab =
−1
6
gab
(
((1 +B)B′′′)′ − (B
′′)2
2
)
. (60)
where (a, b) take on the values (2, 3). Taking the trae yields
Wµµ =
2
3
(
((1 +B)B′′′)′ − (B
′′)2
4
)
+
1
3
(B′′);β;β
+
−1
3
(
((1 +B)B′′′)′ − (B
′′)2
2
)
. (61)
Sine
(B′′);β;β =
1√−g∂β
√−ggβα∂αB′′ = ∂βgβα∂αB′′ = −((1 +B)B′′′)′, (62)
it is evident that the trae vanishes.
Thus the equations left to satisfy are
− 2αW11 = T11/2 (63)
(1 +B(x))ϕ′′(x) +B′(x)ϕ′(x) +
1
6
B′′(x)ϕ(x) − 4λϕ3(x) = 0. (64)
These redue to
2α
3
(
B′′′B′ − 1
2
(B′′)2
)
=
1
2
(1 +B)(ϕ′)2 +
1
6
ϕB′ϕ′ − λϕ4 (65)
(1 +B(x))ϕ′′(x) +B′(x)ϕ′(x) +
1
6
B′′(x)ϕ(x) − 4λϕ3(x) = 0. (66)
We an verify, that for ritial oupling, α = 1/(192λ), we get the vauum solution B = (R/2)r2, R a onstant,
ϕ0 = ±
√
R/24λ.
The further analysis of these equations requires numerial methods. We have managed to nd proles of approximate
solutions of the equations using numerial relaxation methods. The onguration is initially taken to be
ϕ(x) =
√
R
24λ
tanh(x) (67)
B(x) = 1 +
R
2
x2 (68)
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whih asymptotially, for x → ±∞, attains the vauum-like eld onguration. The initial onguration is allowed
to relax with a dissipative linear term. The equations onsidered are given by
kB˙ +
2α
3
(
B′′′B′ − 1
2
(B′′)2
)
=
1
2
(1 +B)(ϕ′)2 +
1
6
ϕB′ϕ′ − λϕ4 (69)
kϕ˙+ (1 +B(x))ϕ′′(x) +B′(x)ϕ′(x) +
1
6
B′′(x)ϕ(x) − 4λϕ3(x) = 0. (70)
where now B = B(x, t) and ϕ = ϕ(x, t). With appropriate hoies for the oeients, we obtain ongurations whih
seem to have relaxed to a domain wall. Below in Figure (1) is a graph of ϕ(x) and in Figure (2) is a graph of B(x)
that we have obtained via numerial relaxation.
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FIG. 1: ϕ(x) for x ∈ [∼ 0, 30], initial (green) and nal
(purple).
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FIG. 2: B(x) for x ∈ [∼ 0, 30], initial (green) and nal
(purple) (they are oinident within the resolution).
VI. CONCLUSIONS
We have studied the spontaneously breaking of the onformal symmetry in Weyl gravity, onformally oupled to
salar matter. The spontaneous symmetry breaking gives mass to the matter eld and hooses a solution that is
asymptotially anti-de Sitter for the geometry. We have shown that gravitational waves, to seond order in pertur-
bation do not arry any energy or momentum. We have found numerial evidene that there exist ongurations,
whih are most likely long lived, where the topology requires that the salar eld have a zero. This implies that there
an be no onformal transformation that an remove the salar eld, and relegate the onformal invariane to an
unobservable disjoint setor, ontrary to what has been reently suggested [2℄. We feel that there is muh motivation
to study this theory in greater detail as it may truly be an alternative theory to Einsteinian gravitation, that does
not arry the burden of having to explain missing gravitational fores with huge amounts of dark matter and energy.
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